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We investigate the Hall conductivity in a Sierpinski carpet, a fractal of Hausdorff dimension
df = ln(8)/ ln(3) ≈ 1.893, subject to a perpendicular magnetic field. Our main finding is the
absence of higher Hall conductivity than σxy = ± e2h in the thermodynamic limit which we compute
using linear response and the recursive Green function method. We attribute this effect to the
absence of paths with two or more connected sites. This quantized edge conductance, as in the case
of the conventional Hofstadter problem, is stable with respect to disorder and thus a robust feature
of the system.
Topological insulators and their properties have been
at the forefront of condensed matter research during the
last decade [1]. Major attention has been devoted to the
properties of the surfaces which, by virtue of the bulk-
boundary correspondence, are characterized by symme-
try protected gapless boundary modes. The multitude
of non-interacting topological insulators under the most
generic circumstances has been classified in ’the ten-fold
way’ [2, 3] or, the ’periodic table of topological insula-
tors’ [4]. The surprising insight is that given the elemen-
tary non-spatial symmetries of a system, such as chirality,
time-reversal symmetry, and parity, one can deduce the
possible existence or non-existence of states with non-
trivial bulk topological order and corresponding surface
states.
Numerous extensions of this classification scheme have
been discussed. Typical examples are imposing lat-
tice symmetries leading to crystalline topological insu-
lators [5], dissipation in non-Hermitian Hamiltonians [6],
driven non-equilibrium systems [7], or the so called higher
order topological insulators [8, 9].
We explore an alternative path which is to modify di-
mension. It has been known for a long time that frac-
tal structures can possess non-integer Hausdorff dimen-
sion df [10]. Recently, lattices with fractal structure
have been manufactured in the laboratory in a num-
ber of ways. This includes the use of molecular assem-
bly [11–17] as well as templating and co-assembly meth-
ods [18, 19]. Furthermore, electronic fractal lattices have
been designed by scanning tunneling microscope tech-
niques [20]. On the theory side, this included renewed
interest in electronic [21] and optical conductivity [22] as
well as plasmon dispersion relations [23]. Furthermore,
recent works explored Anderson localization and critical
points on fractals [24] as well as level statistics [25]. Re-
cently, the prospect of topological order in fractals was
investigated in Ref. 26 and we compare our results to this
work whenever there is overlap.
Structure of paper and main results: Here, we con-
centrate on the Sierpinski carpet (SC) with a Hausdorff
dimension df = ln(8)/ ln(3) ≈ 1.893 [10]. Our starting
point is a two dimensional Chern insulator, the Hofs-
tadter model on a square lattice, and then convert it into
the SC by diluting the lattice. Subsequently, we employ
the recursive Green function method to investigate the
Hall resistance of a SC fractal and relate it to the num-
ber of existing edge modes. The findings are compared
to direct calculations of the Chern number of the bands.
Our principal finding is that the maximum quantum Hall
conductance surviving the extrapolation to the thermo-
dynamic limit is given by σxy = ±e2/h. We back up
this claim with devising several extrapolations schemes.
Furthermore, we show that as in the case of more con-
ventional quantum Hall systems, this mode is stable with
respect to the introduction of not too strong disorder.
Constructing the fractals: In the following we distin-
guish fractal generation g, related to the linear size of
the system as L = 3g for the SC, and fractal depth f ,
counting the number of times the cutting procedure has
been iterated, see Fig. 1 for the construction. We will
summarize both numbers in a fractal index F = (g, f).
The number of sites in a fractal characterized by F is
given by N = L2 (8/9)f = 9g−f8f . A quick reference to
the relevant linear sizes, Hilbert space sizes and volume
fractions can be found in Table I.
Figure 1. (a) Iterative construction principle of the fractals.
Generically we have g ≥ f ≥ 0; (b) schematic of the four
terminal Hall bar setup. The construction allows to measure
the resistance between lead 1 and lead 2, ρxx = Vxx/I, and
the Hall resistance ρxy = Vxy/I between lead 3 and lead 4.
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Figure 2. Hall butterfly: The main panels show the Hall resistance ρxy =
Vxy
I
measured between lead 3 and lead 4, if a
current is driven from lead 1 to lead 2, see Fig. 1. The color-scheme is truncated at −2 < ρxy < 2, and grey areas have total
transmission coefficient lower than 0.1. The right panels show the histogram of 1|ρxy| over the whole parameter space. For (4, 2)
we can see several peaks of 1/|ρxy| corresponding to multiple edge modes. For (4, 3) many of these peaks are quenched, and
only 1/|ρxy| = 1, 2 and possibly 1/|ρxy| = 3 have peaks. Finally, at (4, 4), only the |ρxy| = 1 peak is preserved. The black
square shows a region that is studied in further detail in Fig. 3.
g 0 1 2 3 4 5 6
L = 3g 1 3 9 27 81 243 729
Dim(H) = 8g 1 8 64 512 4 096 32 768 262 144
Vol%= (8/9)g 1 89% 79% 70% 62% 55% 49%
Table I. Table of linear system sizes, Hilbert space sizes and
volume-fraction of the Sierpinski lattice (g, g).
Model and setup: We consider a tight-binding Hamil-
tonian for spinless fermions
HL = −t
∑
〈i,j〉∈L
(
a†iaje
ıAij + h.c.
)
, (1)
subject to a perpendicular magnetic field implemented
via Aij =
∫ rj
ri
~A · d~l (we choose the Landau gauge ~A =
B(y, 0)). Here a†i creates a fermion on lattice site i and L
is the set of nearest neighbors with support on the lattice.
The starting point of our construction is a square lat-
tice with lattice spacing a. We parametrize the strength
of the magnetic field as B = 2piΦ/a2, where Φ is the
magnetic flux piercing every plaquette measured in units
of the elementary flux Φ0 = h/e.
Transport calculation: Instead of studying the open
boundary spectrum or topological indices, we directly
probe transport properties. We compute transport
through a Hall bar, see Fig. 1b, using linear response
and the recursive Green function method which gives us
access to larger system sizes and consequently greater
fractal depth [27]. A problem one faces in a two-terminal
setup is that the bulk can also host extended states that
contribute to the longitudinal transport, making it dif-
ficult to isolate boundary modes. To circumvent that
problem we implement a four-terminal setup, which gives
direct access to the boundaries. We are then able to cal-
culate two transport quantities, ρxy = Vxy/I and ρxx =
Vxx/I, where it is important to note that ρxx is measured
between lead 1 and lead 2 and not along the boundary, as
usual in a six-terminal quantum Hall bar. We model the
metallic leads as a semi-infinite metal, i.e., they are de-
scribed by the Hamiltonian−t∑〈i,j〉 a†iaj+h.c, which de-
scribes nearest-neighbor hopping of electrons on a square
lattice. The top and bottom leads are modelled to be 5-10
lattice sites wide. We use a recursive scheme to calculate
the Green function, which allows larger system sizes g
and consequently greater fractal depths f .
Approaching the thermodynamic limit: We are inter-
ested in how transport through the fractal extrapolates to
the thermodynamic limit. There are two different strate-
gies to approach the thermodynamic limit: (i) following
the sequence F = (g, 0)→ (g, 1)→ (g, 2)→ · · · → (g, g);
(ii) starting from a small F = (1, 1) fractal and recur-
sively building larger fractals, i.e.following the sequence
F = (0, 0) → (1, 1) → (2, 2) → · · · → (g, g). We ar-
gue that (ii) reveals the thermodynamic signatures better
than the former one.
Hall Resistance: We start by analyzing sequence (i),
see Fig. 2. We compute the Hall resistance for three sys-
tems of the same fractal generation g = 4 and ascending
fractal depth f , according to (4, 2), (4, 3), (4, 4). The case
of (4, 2) shares many features with the usual Hofstadter
model, including gaps with higher Hall conductivity, cor-
responding to four or five edge modes. To quantify the
edge mode counting we present a histogram of 1/|ρxy|
in Fig. 2 (d). The observation is that upon increasing
the fractal depth, edge modes get gapped. The intuition
behind this behavior is that introducing new ’holes’ into
the structure introduces states inside the structure that
can hybridze with the actual edge states and gap them
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Figure 3. Zoom in on the Hall resistance for three consec-
utive generations (4, 4), (5, 5) and (6, 6). This set of figures
strengthens the notion that the large scale structure of the
edge modes is already present in generation (4, 4). The dif-
ference between the various panels is the amount of high fre-
quency variations. The color scheme is the same as in Fig. 2.
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Figure 4. Longitudinal conductance σxx = I/Vxx when in-
terpolating between Chern insulator and full depth fractal.
out. For the full depth fractal, we find that maximally
one mode remains. To answer the question of whether
or not the butterfly (4, 4) in Fig. 2 is a faithful repre-
sentation of the thermodynamic limit, we zoom in on a
smaller region 0.35 < Φ/Φ0 < 0.45, −1 < E < 0 and
image it with the same energy and magnetic field reso-
lution for three consecutive system sizes (4, 4), (5, 5) and
(6, 6), see Fig. 3. The main finding is that all the promi-
nent features remain intact. Specifically, we see that the
part of parameter space that hosted stable edge modes is
basically unaltered in all the three plots. We thus con-
clude that the maximum number of stable edge modes in
a thermodynamic system appears to be 1.
’Smoothly’ approaching the fractal: So far, we have es-
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Figure 5. Hall resistance of disordered SC fractals. We ob-
serve that increasing the fractal size and depth makes the edge
mode more stable with respect to the disorder strength W .
The error bars show the error of the mean ρxy for 20 disorder
realizations.
tablished that upon increasing fractal depth, edge modes
are annihilated and eventually only a single conducting
channel can survive. We now devise a scheme that allows
for a smooth transition between different fractal gener-
ations (g, f), since g and f are integers. This allows us
to monitor the annihilation of edge modes between frac-
tals of increasing depth. Specifically, we are interested
in interpolating from a shallow fractal F1 = (g, f1) to a
deeper fractal F2 = (g, f2), f2 > f1. For this purpose,
we split the Hamiltonian into two pieces
HF1→F2 = (1− λ)HF1 + λHF2 = HF1 − λHF1\F2 .
The term HF1\F2 contains all the hopping terms that
are present in the shallower Hamiltonian HF1 , but not
in the deeper HF2 . Here, 0 ≤ λ ≤ 1 is a parameter
that controls the interpolation between HF1 and HF2 .
By changing λ, we can continuously tune the access to
some of the sites by altering their hopping amplitudes.
We study the effects of varying λ by considering the (two-
terminal) transmission through the fractal (at fixed Φ/Φ0
and E). Our main focus is on observing the breakdown
of the higher Chern number modes as λ is tuned to one.
In all the plots, we choose L1 = (g, 0) and L2 = (g, g),
i.e., we interpolate between the Hofstadter model and
the full-depth fractal, see Fig. 4.
We consider the situation where the number of edge
modes changes as 2→ 0 (Φ/Φ0 = 0.24, E = 0.1), 3→ 0
(Φ/Φ0 = 0.05, E = 2.35 and Φ/Φ0 = 0.078, E = 1.8),
and 3→ 1 (Φ/Φ0 = 0.14, E = 0.3).
We see generically that the edge modes can withstand
some amount of hopping depletion before the clean edge
mode is lost, but the amount of depletion depends on
the parameters E and Φ/Φ0. The intuition behind this
behavior is like in the case where we increased the fractal
depth: new ’holes’ are introduced in the structure leading
to new ’edge states’ that can hybridize with the actual
edge states and gap them out. We also quite generically
see that the transition from edge to bulk modes is not
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Figure 6. Direct calculation of the Chern number. We observe that the Chern number for (4, 2) and (4, 3) is in good agreement
with ρxy, see Fig. 2. For (4, 4) we see deviations from the Hall resistivity which is mostly rooted in less well defined bands.
Here we use a base of 200 sites to accurately capture higher Chern numbers.
smooth but shows high frequency oscillations in the con-
ductance. The frequency of the oscillations do increase
with system size, but the values of λ at which the os-
cillations occur, and there is reduction of transmission,
are the same irrespective of the system sizes. This is in
agreement with the intuition that the bulk modes will
have a fractal dispersion [28–30] and thus that the bulk
contribution to the conductivity should mimic this frac-
tal pattern [21, 31, 32].
Resilience to impurities: We have established the ex-
istence of edge modes in the SC Hofstadter model. It
is natural to ask to which extend these edge modes are
stable to impurities. To this end, we add on-site disor-
der HI =
∑
i ia
†
iai, where i is uniformly distributed in
the range [−W,W ]. We choose the parameter, without
loss of generality, to lie within a window were we estab-
lished the existence of edge modes, i.e., Φ/Φ0 = 0.25
and E = −1.1. We then track ρxy at four different sys-
tem sizes (g, g), g = 4, 5, 6, 7, see Fig. 5. While we found
that making the fractal cuts deeper generically decreases
the number of edge modes, the remaining single edge
mode regions become increasingly stable with increasing
system size. Consequently, we conclude, that the edge
modes are stable with respect to disorder, like in a con-
ventional quantum Hall setup.
Relation to Chern Numbers: We make a full scan of
the Chern numbers, see Fig. 6. Chern numbers were
computed in Ref. 26 for a fixed magnetic field Φ/Φ0 =
0.25. For completeness, we here use the same method [33]
to compute Chern numbers for the entire Φ/Φ0 and E
parameter space. We compare the calculated numbers
with the Hall resistances that were obtained in Fig. 2.
For (4, 2) and (4, 3), the Chern numbers coincide with
ρxy obtained through the transport calculations.
In the case of the full depth fractal (4, 4), it seems that
there are larger regions with non-integer Chern number
than there are in the transmission plots. When compar-
ing the two, one should however keep in mind that even
though the Chern number calculation is well defined for
any filling of the band, it is not expected to give integers
if the Fermi energy lies within one of the bands. To be
more precise, in the Hofstadter model, narrow bands are
separated by well defined band gaps. In the fractal at
finite magnetic field, many of these bands have broken
up into sub bands and the gaps between these are also
quite small. Thus interpreting what is a Chern number
and what is simply “in the band” is more complicated.
Conclusions and Outlook: In this paper we studied
edge modes and associated Hall resistivity in a Hofstadter
Sierpinski fractal. Our main finding is that increasing the
fractal depth destabilizes edge modes.
We found that in the (g, g) fractals, for sufficiently
large g, there only are single edge modes, even in the
presence of strong disorder. Moreover, in the (g, g − 1)
fractals, instead, 1 and 2 modes were present. The rea-
son for that is that the widest path through the lat-
tices (which occurs e.g.on the edge) is precisely one site
wide. Paths with more sites (which is already the case
for (g, g − 1) ) enable us to see multiple edge modes.
This is most easily rationalized starting from the solu-
tions to the Landau problem in the continuum. In the
Landau gauge, the generic wave functions have the form
ψk,n(x, y) ∝ e− 12 (y−y0(k))2Hn(y − y0(k))eıkx (y0(k) de-
notes where the wavefunction is centered for the respec-
tive value of k and Hn(x) is the Hermite polynomial of n-
th order). In the lowest Landau level (LL) n = 0 H0 = 1
and ψk,n is reduced to ψk,0 ∝ e− 12 (y−y0(k))2eıkx. This has
a gaussian shape in the y-direction and is a plane wave
in the x-direction. A lattice version of this wave func-
tion can thus exist with support on a one site wide row
in the y-direction. For higher LLs, n > 0, the Hermite
polynomial will have nodes, and this will cause the wave
functions to change sign as a function of the distance to
the edge. To mimic the nodes and accompanying sign
5changes on the lattice level, one needs at least one more
site than the number of nodes in order to support the
wave function. Thus, since there is no path through the
(g, g) fractal that always is more than one site wide, only
single edge modes corresponding to the lowest LL are
allowed.
We stress that the existence of a one-site wide path
through the fractal at maximal depth may depend on
how the fractal is defined with respect to the underlying
lattice. It is therefore an interesting question to which
extent edge states would be supported on a “traditional”
fractal, where there is no microscopic lattice scale a, but
rather the macroscopic scale L is held fixed.
In the future, it would be interesting to see how other
fractal systems may support topologically ordered states,
for instance, by considering three dimensional topological
insulators on 3D Sierpinski gaskets.
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